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a1Ž .In this paper the nonlinear degenerate parabolic system u s ¤ U q au ,t x x
a2Ž .¤ s u ¤ q b¤ with Dirichlet boundary condition is studied. The regularizationt x x
method and upper]lower solutions technique are employed to show the local
existence of a solution for the nonlinear degenerate parabolic system. The global
existence of a solution is discussed. The finite time blow-up result together with an
estimate of the blow-up time are found. The blow-up set with positive measure is
analyzed in some detail. Q 2000 Academic Press
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1. INTRODUCTION
In this paper we study the nonlinear degenerate parabolic system
u s ¤ a1 u q au , x g V , t ) 0, 1.1Ž . Ž .t x x
¤ s ua2 ¤ q b¤ , x g V , t ) 0, 1.2Ž . Ž .t x x
<u s ¤ s 0, t ) 0, 1.3Ž .› V
u x , 0 s u x , ¤ x , 0 s ¤ x , x g V , 1.4Ž . Ž . Ž . Ž . Ž .0 0
where a , a , a, b ) 0 are constants, V is an open interval in R and u , ¤1 2 0 0
are positive functions. This system can be used to describe the develop-
ment of two groups in the dynamics of biological groups where u and ¤ are
wthe densities of the different groups. A similar system can be found in 1,
1 Project supported by National Natural Science Foundation of China.
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x2 . For the semilinear parabolic systems, the global and blow-up solutions
Ž w x. w xare discussed see 3 . In 4 , the existence and asymptotic properties of
global solutions are studied for the non-degenerate parabolic systems with
w xcross-diffusion by using the fundamental solution. In 9 , Ruan discusses
the existence of positive steady-state solutions in a coupled system of
reaction]diffusion equations modeling the competition of two species with
Ž .cross-diffusion non-degenerate . When a s a , a s b, u s ¤ , the1 2 0 0
Ž . Ž . a Žproblem 1.1 ] 1.4 is then reduced to a single equation u s u u qt x x
.Ž . Ž .u a s 1 . For such a single equation a s 2 , Friedman and Mcleod show
Ž .that there is a unique global solution if l V ) 1 and there is a unique1
Ž . Ž w x.blow-up solution in a finite time if l V - 1 see 6 . For 1 - a - 2,1
Chen gives a special blow-up solution and an estimate of the blow-up time
w xin 7 . Furthermore, the blow-up set and the asymptotic behavior of
w xsolution near the blow-up time are analyzed in 8 . For the system
Ž . Ž .1.1 ] 1.4 , when does not blow-up occur? that is, there is the global
solution. When does blow-up occur? At what time does blow-up occur?
Where does blow-up occur? To answer these problems is our main task in
this paper.
Ž . Ž .In Sect. 2, we prove that the system 1.1 ] 1.4 admits a global solution if
Ž .a, b - l V by using the regularization and upper]lower solution meth-1
Ž . Ž .ods. In Sect. 3, we prove that the solution of 1.1 ] 1.4 blow up in a finite
time, and obtain estimates of blow-up time and blow-up set.
2. THE GLOBAL SOLUTION
Ž .For any open set D, denote by l D the first eigenvalue of the1
Laplacian yD in D with respect to the zero Dirichlet data. In this section
we assume that
a, b - l V J l . 2.1Ž . Ž .1 1
2.1. Preliminary Results
Ž . Ž .To show the global existence of solution for 1.1 ] 1.4 , we first prove
the following proposition.
Ž .PROPOSITION 1. There exists a unique function w x, t satisfying
1r2, 1r4 2, 1w x , t g C V l C V , 2.2Ž . Ž . Ž .Ž .T T
w x , t ) 0, x g V , 0 - t - T , 2.3Ž . Ž .
w s c x , t w q mw , x g V , 0 - t - T , 2.4Ž . Ž . Ž .t x x
w x , t s 0, x g › V , 0 - t - T , 2.5Ž . Ž .
w x , 0 s w x ) 0, x g V , 2.6Ž . Ž . Ž .0
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1 2qbŽ . Ž . Ž . Ž . Ž .where V s V = 0, T , m - l V , w x g C V l C V , w qT 1 0 0 x x
2, 1 1r2, 1r4< Ž . Ž . Ž . Ž . <mw F 0, w s 0, and c x, t g C V l C V , c x, t› V › V0 0 x x T T
Ž .s 0, c x, t ) 0 in V.
To prove existence, consider, for any « ) 0,
w s c x , t q « w q mw , x g V , 0 - t - T , 2.7Ž . Ž . Ž .Ž .« t « x x «
<w s 0, 0 - t - T , 2.8Ž .› V«
w x , 0 s w x . 2.9Ž . Ž . Ž .« 0
Standard parabolic theory proves that there is a unique positive solution
Ž . Ž . Ž .w x, t for 2.7 ] 2.9 .«
Ž .LEMMA 2.1. w x, t F 0 in V .« t T
Ž .Proof. Set h s w , then h x, t satisfies« t
h s c w q mw q c x , t q « h q mhŽ . Ž . Ž .Ž .t t « x x « x x
cts h q c q « h q mh ,Ž . Ž .x xc q «
<h s 0,› V
h x , 0 s c x , 0 q « w q mw F 0.Ž . Ž . Ž .Ž . 0 x x 0
The maximum principle shows h F 0. This completes the proof.
Remark 1. In this case, the continuity of w up to the boundary« t
 4 w x Ž .V = 0 is assumed 10 . The referee suggested that defining h x, t byd
1
h s w x , t q d y w x , t .Ž . Ž .Ž .d « «d
Ž .Noting that w s h q o d rd as d “ 0, then h F 0 in V for suffi-« t d d T
Ž w x. <ciently small d ) 0 see the proof of Lemma 5.4.1 in 5 . Hence w s› V0 x x
0 is unnecessary.
LEMMA 2.2. If « ) « , then w - w in V .1 2 « « T1 2
Proof. Set Z s w y w , then« «2 1
« y «2 1
Z s c q « Z q mZ q w G c q « Z q mZ ,Ž . Ž . Ž . Ž .t 2 x x « t 2 x x1c q «1
<Z s 0, Z x , 0 s 0.Ž .› V
Applying the maximum principle, we conclude that Z G 0 and this com-
pletes the proof.
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LEMMA 2.3. w ) 0 in V .« T
Ž . Ž . Ž .Proof. Since w x, 0 s w x ) 0, it follows that w x, t ) 0 in V .« 0 « T
Ž . 1Ž . 5 Ž .5 1LEMMA 2.4. For 0 - t - T , w ?, t g H V , i.e., w ?, t - C,H ŽV .« 0 «
where C is independent of t and « .
Ž . w Ž .xProof. Multiplying both sides of 2.7 by w r c q « and integrating« t
Ž .over V = 0, t , we get
2wŽ .t « t
dx dtH H c x , t q «Ž .0 V
t t
s w w dx dt q m w w dx dtH H H H« t « x x « t «
0 V 0 V
1 12 2s w x , 0 y w x , tŽ . Ž .x « x2 22 2
m m2 2q w x , t y w x , 0 .Ž . Ž . 2« 22 2
Since
12 2
w x , t - w x , t ,Ž . Ž .« « x2 2l1
we have
2w 1 mŽ .t « t 2
dx dt q 1 y w x , tŽ .H H « x 2ž /c x , t q « 2 lŽ .0 V 1
1 m2 25 5 5 5F w y w J C , 2.10Ž .2 20 x 02 2
where C is independent of « , t. This completes the proof.
From Lemma 2.4 and the embedding theorem, it follows
11 2w ?, t g H V ¤ C V .Ž . Ž . Ž .« 0
Thus, for any « , t, we have
1r2< <w x , t y w y , t - N x y y , x , y g V , 2.11Ž . Ž . Ž .« « 1
where N is independent of « and t.1
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Next, we show the uniform Holder continuity.¨
1r2, 1r4Ž . Ž .LEMMA 2.5. w x, t g C V , and the estimates of module is« T
independent of « .
Ž .Proof. By 2.10 ,
2wŽ .t t « t2w dy dt F sup c x , t q « dy dt F M ? C.Ž . Ž .Ž .H H H H« t c x , t q «Ž .0 V 0 V
Ž .Set D t s t y s ) 0. For any x, y g V, s, t ) 0, it follows from 2.10 that
1r22› w › w1r2 1r2t tŽ . Ž .« «xq D t xq D t3r2?1r2dy dt F D t dy dtŽ .H H H H ž /› t › ts x s x
3
4F N D t .Ž .2
Hence,
1r2Ž .xq D t 3r4w y , t y w y , s dy F N D t .Ž . Ž . Ž .Ž .H « « 2
x
Applying the integral mean value theorem, we conclude that there is a
1
2Ž Ž . .point x* g x, x q D t such that
1
4w x*, t y w x*, s F N D t .Ž . Ž . Ž .« « 2
So
w x , t y w y , sŽ . Ž .« «
F w x , t y w x*, t q w x*, t y w x*, sŽ . Ž . Ž . Ž .« « « «
qw x*, s y w y , sŽ . Ž .« «
< <1r2 < <1r4 < <1r2F N x y x* q N t y s q N y y x*1 2 1
< <1r2 < <1r4F C x y y q t y s , 2.12Ž .Ž .
where C independent on « . This completes the proof.
From Lemma 2.1, it follows that
w x G w x , t . 2.13Ž . Ž . Ž .0 «
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Lemma 2.2 shows that w › if « x. Set w s lim w , then w g« « “ 0 «
1r2, 1r4Ž .C V andT
w ) w ) 0 in V . 2.14Ž .« T
b , b r2Ž Ž . Ž .Similarly to Lemma 2.5, we can prove that w x, t g C V , 1 ) b« T
1 1r2, 1r4Ž . .) . For convenience, we still write that w g C V .T2
Now, we prove that
Ž . Ž .LEMMA 2.6. If c x , t ) 0, then w is a classical solution of 2.4 in0 0
Ž .some neighborhood of x , t .0 0
Ž . Ž .Proof. Since c x , t ) 0, there is a neighborhood U of x , t , and0 0 0 0
Ž .U ;; V , such that c x, t ) C ) 0 in U. Hence, w satisfies uniformT 0 «
parabolic equation
w s c x , t q « w q mv , x , t g U.Ž . Ž . Ž .Ž .« t « x x «
w x Ž w x.An application of the a priori estimates in 10 also 11 yields
5 5 2q b , 1qb r2w F C ,C ŽU .«
where C depends on U but not on « . Now an appeal to the Ascoli]Arzela
theorem shows that
w g C 2, 1 U .Ž .
Ž w x.see 11 .
This completes the proof.
In view of Lemma 2.6, w “ w uniformly with the second derivatives in«
Ž . Ž . Ž .compact subset of V . Hence w x, t satisfies 2.2 ] 2.6 .T
Finally, we prove the uniqueness.
Ž . Ž .LEMMA 2.7. w satisfying 2.2 ] 2.6 is unique.
Proof. Similarly to the proof of Lemma 2.4, we have
2
w x , t y w x , t F 0 see 2.10Ž . Ž . Ž .Ž .Ž .1 2 x 2
Ž . Ž .if w , w satisfy 2.2 ] 2.6 . Hence1 2
w x , t ’ w x , t .Ž . Ž .1 2
This completes the proof.
Ž .Remark 2. Lemma 2.1 shows that w x, t F 0 in V for any « . Hence« t T
Ž .w F 0 in V by letting « “ 0. Noting that w x, t ) 0 in V , we see thatt T T
w q mw F 0.x x
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2.2. The Iterati¤e Solution
For initial value, we assume that
1 2qbu , ¤ g C V l C V andŽ . Ž .0 0
2.15Ž .
u q au F 0, ¤ q b¤ F 0 in V .0 x x 0 0 x x 0
Ž . Ž .DEFINITION 1. A positive solution of 1.1 ] 1.4 is a pair of functions
2, 1Ž . Ž . Ž . Ž . Ž .u, ¤ in C V l C V , u x, t , ¤ x, t ) 0 in V and satisfyingT T T
Ž . Ž .1.1 ] 1.4 .
2, 1Ž . Ž . Ž . Ž .DEFINITION 2. A pair of functions u, ¤ , u, ¤ in C V l C V˜ ˜ ˆ ˆ T T
Ž . Ž .are called upper and lower solutions of 1.1 ] 1.4 if they satisfy the
relation u G u, ¤ G ¤ and˜ ˆ ˜ ˆ
u y ¤ a1 u q au G 0 G u y ¤ a1 u q au , 2.16Ž .˜ ˆ ˜ ˜ ˆ ˜ ˆ ˆŽ . Ž .t x x t x x
¤ y ua2 ¤ q b¤ G 0 G ¤ y ua2 ¤ q b¤ , 2.17Ž .˜ ˆ ˜ ˜ ˆ ˜ ˆ ˆŽ . Ž .t x x t t
u x , t G 0 G u x , t , ¤ x , t G 0 G ¤ x , t on › V = 0, T ,Ž . Ž . Ž . Ž . Ž .˜ ˆ ˜ ˆ
2.18Ž .
u x , 0 G u x G u x , 0 , ¤ x , t G ¤ x G ¤ x , 0 in V .Ž . Ž . Ž . Ž . Ž . Ž .˜ ˆ ˜ ˆ0 0
2.19Ž .
Ž .Let f x ) 0 be the first eigenfunction of the domain V, so that
f q l f s 0 in V , f s 0 on › V . 2.20Ž .x x 1
For sufficiently large positive constants r, K and a sufficiently small
Ž . Ž yr t yr t .positive constant k, then Kf, Kf , ke f, ke f are a pair of upper
Ž . Ž .and lower solutions of 1.1 ] 1.4 . In fact,
a1yr tKf y e kf K f q afŽ . Ž .Ž .t x x
a1a q1 yr t1s K l y a f ke G0,Ž . Ž .1
a 2yr tKf y e kf K f q bfŽ . Ž .Ž .t x x
a 2a q1 yr t2s K l y b f ke G 0,Ž . Ž .1
a1yr t yr t yr tkf e y Kf kf e q ke afŽ . Ž .Ž . Ž .x xt
a1yr ts kf e yr q l y a Kf F0,Ž . Ž .Ž .1
a 2yr t yr t yr tkf e y Kf kf e q ke bfŽ . Ž .Ž . Ž .x xt
a 2yr ts kf e yr q l y b Kf F0.Ž . Ž .Ž 1
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Ž ŽChoose K, k, and r, such that Kf ) u , ¤ ) kf, and r ) max l y0 0 1
.Ž .a1 Ž .Ž .a2 .a K max f , l y b K max f .1
Ž0. Ž0. yr t Ž0. Ž0.Let u s ¤ s ke f, u s ¤ s Kf.
Consider the system
a1Ž1. Ž0. Ž1. Ž1.u s ¤ u q au in V , 2.21Ž .Ž . Ž .t x x T
a2Ž1. Ž0. Ž1. Ž1.¤ s u ¤ q b¤ in V , 2.22Ž .Ž . Ž .t x x T
a1Ž1. Ž0. Ž1. Ž1.u s ¤ u q au in V , 2.23Ž . Ž .Ž .t x x T
a2Ž1. Ž0. Ž1. Ž1.¤ s u ¤ q b¤ in V , 2.24Ž . Ž .Ž .t x x T
Ž1. Ž1. Ž1. Ž1.u s u s ¤ s ¤ s 0 on › V = 0, T , 2.25Ž . Ž .
Ž1. Ž1.u x , 0 s u s u x , 0 in V , 2.26Ž . Ž . Ž .0
Ž1. Ž1.¤ x , 0 s ¤ s ¤ x , 0 in V . 2.27Ž . Ž . Ž .0
It is clear that the above system consists of four linear uncoupled initial
Ž1. Ž1. Ž1. Ž1.boundary value problems, and therefore the existence of u , u , ¤ , ¤
1 1Ž1. Ž1. Ž1. Ž1. ,2 4Ž .are guaranteed by Proposition 1, and u , u , ¤ , ¤ g C V lT
2, 1Ž .C V ,T
Ž1. Ž1. Ž1. Ž1.u , u , ¤ , ¤ ) 0 in V .T
Ž0. Ž0. Ž1.Let w s u y u , then1
Ž0. Ž0. Ž1.w s u y u1 t t t
a a1 1Ž0. Ž0. Ž0. Ž0. Ž1. Ž1.G ¤ u q au y ¤ u q auŽ . Ž .Ž . Ž .x x x x
a1Ž0. Ž0. Ž0.s ¤ w q aw ,Ž . Ž .1 x x 1
Ž0.w x , t s 0, x g › V = 0, T J S ,Ž . Ž .1 T
Ž0.w x , 0 G 0, x g V .Ž .1
Ž0. Ž0. Ž1.The maximum principle shows that w G 0, that is, u G u in V .1 T
Let w Ž0. s uŽ1. y uŽ0., then1
a1Ž0. Ž0. Ž0. Ž0.w G ¤ w q aw .Ž . Ž .1 t 1 x x 1
It follows again from the maximum principle that w Ž0. G 0, i.e., uŽ1. G uŽ0.1
in V .T
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Ž1. Ž1. Ž1.Let w s u y u , then1
Ž1. Ž1. Ž1.w s u y u1 t t t
a a1 1Ž0. Ž1. Ž1. Ž0. Ž1. Ž1.s ¤ u q au y ¤ u q auŽ .Ž . Ž .Ž .x x x x
a a a1 1 1Ž0. Ž0. Ž1. Ž1. Ž0. Ž1. Ž1.s ¤ y ¤ u q au q ¤ w q aw .Ž . Ž . Ž .Ž . Ž .x x 1 x x 1
Ž .By 2.15 and Remark 2, we have
Ž1. Ž1.u q au F 0.x x
Hence
a1Ž1. Ž0. Ž1. Ž1.w G ¤ w q aw .Ž . Ž .1 t 1 x x 1
Ž1. Ž1. Ž1.So w G 0, that is, u G u in V . This leads to the relation1 T
Ž0. Ž1. Ž1. Ž0.u G u G u G u in V .T
Similarly,
Ž0. Ž1. Ž1. Ž0.¤ G ¤ G ¤ G ¤ in V .T
Furthermore, consider the iterative equations
a1k Žky1. Žk . Žk .u s ¤ u q au in V ,Ž . Ž .t x x T
a1Žk . Žky1. Žk . Žk .u s ¤ u q au in V ,Ž . Ž .t x x T
a2Žk . Žky1. Žk . Žk .¤ s ¤ ¤ q b¤ in V ,Ž . Ž .t x x T
a2Žk . Žky1. Žk . Žk .¤ s u ¤ q b¤ in V ,Ž . Ž .t x x T
Žk . Žk . Žk . Žk .u s u s ¤ s ¤ ’ 0 on S ,T
Žk . Žk .u x , 0 s u x , 0 s u x in V ,Ž . Ž . Ž .0
Žk . Žk .¤ x , 0 s ¤ x , 0 s ¤ x in V .Ž . Ž . Ž .0
Then similarly to the above discussions, we have
Žky1. Žk . Žk . Žky1.u G u G u G u in V k s 1, 2, . . . ,T
Žky1. Žk . Žk . Žky1.¤ G ¤ G ¤ G ¤ in V k s 1, 2, . . . .T
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Define
Žk . Žk .u x , t s lim u x , t , u x , t s lim u x , t ,Ž . Ž . Ž . Ž .
k“‘ k“‘
Žk . Žk .¤ x , t s lim ¤ x , t , ¤ x , t s lim ¤ x , t .Ž . Ž . Ž . Ž .
k“‘ k“‘
1r2, 1r4Ž .It follows from Proposition 1 that u, u, ¤ , ¤ g C V and u, u, ¤ , ¤T
2, 1Ž . Ž . Ž .) 0 in V . Hence, u, u, ¤ , ¤ g C V see Lemma 2.6 . So u, ¤ andT T
Ž . Ž . Ž .u, ¤ are solutions of 1.1 ] 1.4 .
The above argument can be written as the following theorem.
1Ž . Ž .THEOREM 1. Assume that a, b - l V and that u , ¤ g C V l1 0 0
2qb Ž .C V satisfy u q au F 0, ¤ q b¤ F 0. Then there exists at least0 x x 0 0 x x 0
Ž . Ž .one solution for 1.1 ] 1.4 .
It is clear that the above result is true for T s q‘. then we have.
THEOREM 2. Suppose that the conditions of Theorem 1 are satisfied. Then
Ž . Ž .there exists a global solution for 1.1 ] 1.4 .
Remark 3. The methods of the above arguments certainly extend to a
wide variety of problems of the form
u s f u , u L u , i s 1, 2,Ž .i t i 1 2 i
Ž .Ž . Ž .where f u , u i s 1, 2 are nonlinear functions of u , u and where Li 1 2 1 2
is a second order linear elliptic differential operator.
3. THE BLOW-UP SOLUTION
In this section we assume that
a, b ) l V . 3.1Ž . Ž .1
we shall also assume that
1 2 < <u , ¤ g C V l C V , u , ¤ s 0, u , ¤ s 0,Ž . Ž . › V › V0 0 0 x x 0 x x 0 0
u q au G 0, ¤ q b¤ G 0. 3.2Ž .0 x x 0 0 x x 0
Ž . ŽSince a, b ) l , there clearly exist functions u , ¤ that satisfy 3.2 . Simi-1 0 0
< .larly to Remark 1, u , ¤ s 0 are unnecessary.› V0 x x 0 x x
First, we establish the local existence.
Ž . Ž .PROPOSITION 2. There is a positi¤e number T , such that 1.1 ] 1.4 has a1
Ž .positi¤e solution u, ¤ for 0 - t - T and u G 0, ¤ G 0 in V .1 t t T1
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Proof. To prove the existence, introduce, for any « ) 0,
¤ a1 if ¤ G « ua2 if u G «g ¤ s , h u s .Ž . Ž .a a« «½ ½1 2« if ¤ - « « if u - «
Consider the problem
u s g ¤ u q au , x g V , t ) 0, 3.3Ž . Ž . Ž .t « x x
¤ s h u ¤ q b¤ , x g V , t ) 0, 3.4Ž . Ž . Ž .t « x x
u s ¤ s « , x g › V , t ) 0, 3.5Ž .
u x , 0 s u q « , ¤ x , 0 s ¤ x q « , x g V . 3.6Ž . Ž . Ž . Ž .0 0
w x w xThe similar treatment can be found in 6, 8 . By the standard theory 5
Ž . Ž . Ž .there is T such that there exists a unique solution u , ¤ of 3.3 ] 3.6« « «
for 0 - t - T , and u G 0, ¤ G 0. The functions z s › u r› t, z s« « « 1 « 2
› ¤ r› t satisfy«
z s gX ¤ u q au z q g ¤ z q azŽ . Ž . Ž . Ž .1 t « « « x x « 2 « « 1 x x 1
for x g V , 0 - t - T , 3.7Ž .«
z s hX u ¤ q b¤ z q h u z q bzŽ . Ž . Ž . Ž .2 t « « « x x « 1 « « 2 x x 2
for x g V , 0 - t - T , 3.8Ž .«
z s z s 0 for x g › V , 0 - t - T , 3.9Ž .1 2 «
z x , 0 s g ¤ q « u q au q a« ) 0, 3.10Ž . Ž . Ž . Ž .1 « 0 0 x x 0
z x , 0 s h u q « ¤ q b¤ q b« ) 0, 3.11Ž . Ž . Ž . Ž .2 « 0 0 x x 0
From u q au s z rg and ¤ q b¤ s z rh it follows that z ) 0,« x x « 1 « « x x « 2 « 1
z ) 0 in V by the maximum principle, in particular,2 T«
u x , t G u x q « , ¤ x , t G ¤ x q « in V . 3.12Ž . Ž . Ž . Ž . Ž .« 0 « 0 T«
Ž . Ž .a1 Ž . Ž .a2 Ž .It follows that g ¤ s ¤ , h u s u , and therefore u , ¤« « « « « « « «
Ž . Ž .satisfies 1.1 ] 1.2 in V .T«
Ž . Ž .The functions u , u and u , ¤ then satisfy the same equations« « 1 1
Ž . Ž .1.1 ] 1.2 , whereas u - u , ¤ - ¤ on the parabolic boundary. It follows« 1 « 1
Ž w x.from the comparison theorem that see Chap. 8 in 5
 4u - u , ¤ - ¤ for x g V , 0 - t - min T , T , 3.13Ž .« 1 « 1 « 1
Ž . Ž .where T is the same as T when « s 1. u , ¤ also is the same as u , ¤1 « 1 1 « «
when « s 1.
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Ž . Ž .The bounds 3.12 and 3.13 enable us to extend the solution step by
Ž .step to all t in the interval 0, T . Consequently1
T G T .« 1
The above proof also shows that u x if « x, ¤ x if « x. Set« «
u s lim u , ¤ s lim ¤ . 3.14Ž .« «
«“0 «“0
Ž . Ž .In view of 3.12 and 3.13 , u “ u, ¤ “ ¤ uniformly with the second« «
derivatives in compact subset of V , and u G 0, ¤ G 0 in V . To proveT t t T1 1
Ž .Proposition 2, we still need to prove that u, ¤ g C V .T1
From u , ¤ G 0, it follows that« t « t
u q au G 0, 3.15Ž .« x x «
¤ q b¤ G 0. 3.16Ž .« x x «
Ž .Multiplying 3.15 by u y « and integrating over V, we have«
2u dx F a u u y « dx F CŽ . Ž .H H« x « «
V V
Ž . Ž .by 3.13 . For each t g 0, T , we easily deduce that1
1 1r2u ?, t g H V ¤ C V , 0 - t - T .Ž . Ž . Ž .0 1
Hence
1r2, 1r4u x , t g C V see Lemma 2.5 .Ž . Ž .ž /T1
1r2, 1r4Ž . Ž .Similarly to the above argument, ¤ x, t g C V .T1
This completes the proof of Proposition 2.
Ž .DEFINITION 3. T ) 0 is called the blow-up time of solution u, ¤ for
Ž . Ž . Ž Ž .1.1 ] 1.4 , if there exists t ›T such that lim max u x, t qn t “ T x g Vn
Ž ..¤ x, t s ‘.
Ž .Now, we will prove that the solution defined by 3.14 is a blow-up
solution in a finite time.
LEMMA 3.1. If u G f, ¤ G f, then u, ¤ G f in V where f is defined0 0 T
Ž . Ž .by 2.20 and T is the maximum existence time of the solution u, ¤ .
Proof. From u G u q « , ¤ G ¤ q « , it easily follows Lemma 3.1 by« 0 « 0
letting « “ 0.
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Ž .LEMMA 3.2. If b F a ra a and a ) a , then there exists a posi-2 1 1 2
ti¤e constant k such that ¤ F kuŽa 2 ra1. in V , where T is the number as inT
Lemma 3.1.
Proof. Set w s u b, then
w s b u by1¤ a1 u q auŽ .t x x
2a a by2 a1 1 1s ¤ w y b b y 1 ¤ u u q ab ¤ wŽ . Ž .x x x
2a a by21 1s ¤ w q ab w y b y 1 b ¤ u u ,Ž . Ž . Ž .x x x
¤ s w Ža 2 r b . ¤ q b¤ .Ž .t x x
Let b s a ra F 1 and F s kw y ¤ , where k is a positive number such2 1
a ra 12 1 Ž . Ž Ž .that ku G ¤ in view of 3.2 and u , ¤ G f. Since u , ¤ g C V0 0 0 0 0 0
< < < <and u , ¤ ) f, we have 0 - u , ¤ - M, where M is some constant,0 0 0 x 0 x
a2 ra1 .i.e., there exists k such that ku G ¤ . Then0 0
a2a a a1 1 1F s ¤ y w ¤ q b¤ q ¤ F q a ? FŽ . Ž .t x x x xž /a1
a2 2a q1 a by21 1q a ? y b ¤ y b y 1 b k¤ u uŽ . Ž .xž /a1
a1a1G ¤ F q a ? F q A x , t F .Ž .x xž /a2
Hence F G 0, that is,
kua2 ra1 G ¤ in V . 3.17Ž .T
Remark 3. The above comparison can be explained as kua1 ra 2 G ¤ ,« «
Ž .Eq. 3.17 follows by « “ 0.
Ž . Ž . Ž .THEOREM 3. If l - b F a ra a a - a , u , ¤ G f and 3.21 2 1 2 1 0 0
Ž .holds, then the solution defined by 3.14 blows up in V with T - q‘.T
Proof. Since kua2 ra1 G ¤ and ¤ q a¤ G 0, we havex x
a11
a2¤ s u ¤ q b¤ G ¤ ¤ q b¤ G 0. 3.18Ž . Ž . Ž .t x x x xž /k
Ž .Define F t by
F t s f x ¤ 1ya1 x , t dx. 3.19Ž . Ž . Ž . Ž .H
V
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Ž .Differentiating 3.19 , we obtain
F9 t s 1 y a f x ¤ya 1¤ dx. 3.20Ž . Ž . Ž . Ž .H1 t
V
Ž .i If a ) 1, then1
F9 t F kya 1 1 y a f ¤ q b¤ dxŽ . Ž . Ž .H1 x x
V
s kya 1 1 y a b y l f¤ dxŽ . Ž .H1 1
V
F kya 1 1 y a b y l f 2 dx Lemma 3.1 .Ž . Ž . Ž .H1 1
V
Integrating this inequality from 0 to t, we obtain
f x ¤ 1ya1 dx y f x ¤ 1ya1 x dxŽ . Ž . Ž .H H 0
V V
F ytkya 1 a y 1 b y l f 2 dx.Ž . Ž .H1 1
V
Consequently, we conclude that
k a1 f x ¤ 1ya1 x dxŽ . Ž .H 0
Vt F . 3.21Ž .
2a y 1 b y l f x dxŽ . Ž . Ž .H1 1
V
Ž .ii If a - 1, set Hf dx s 1. Then1
F9 t G kya 1 1 y a b y l f¤ dxŽ . Ž . Ž .H1 1
V
Ž .1r1ya1ya 1ya1 1s k 1 y a b y l f ¤ dxŽ . Ž . Ž .H1 1
V
Ž .1r1yaya 11G k 1 y a b y l F t Holder’s inequality .Ž . Ž . Ž . Ž .Ž . ¨1 1
Hence,
Ž .a y a r1ya1 1 1k
1ya1t F f¤ x dx . 3.22Ž . Ž .H 0ž /a b y lŽ . V1 1
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Ž . Ž .Since 3.21 and 3.22 cannot hold for all time, we see that if the solution
Ž .defined by 3.14 exists, it must blow-up in a finite time T and T must
Ž . Ž .satisfy the upper bound 3.21 or 3.22 .
DEFINITION 4. A point x g V is called a blow-up point for the solution
Ž . Ž . Ž .u, ¤ of 1.1 ] 1.4 if there exist sequences x “ x, t ›T such thatn n
u x , t q ¤ x , t “ ‘.Ž . Ž .n n n n
We denote by S the set of all blow-up points.
THEOREM 4. The set S has positi¤e Lebesgue measure.
Proof. Take any sequence t ›T and letn
u x , t q ¤ x , tŽ . Ž .n n
w x s with M s max u x , t q ¤ x , t . 4Ž . Ž . Ž .n n n nMn
Ž .Let x g V be such that w x s 1. Notice that 0 - w F 1 in V andn n n n
 4w q mw G 0 m s max a, b in V . 3.23Ž .Ž .n x x n
Ž .Multiplying both sides of 3.23 by w and integrating over V, we getn
2 2w F m w F m meas V . 3.24Ž . Ž . Ž .H Hn x n
V V
Consequently, it follows from Rellich’s for a subsequence,
w “ w in L2 V and a.e. in V ,Ž .n
3.25Ž .
w “ w weakly in L2 V .Ž .n x x
˜Ž . Ž .Denote by G x, j the Green’s function of y D in V. In view of 3.23 ,
˜1 s w x F m G x , j w j dj .Ž . Ž . Ž .Hn n n n
V
Ž .  4The estimates of 3.24 show that the function w are uniformly boundedn
1Ž .in the Sobolev space H V . Since V is one dimensional, the imbedding0
1 aŽ . Ž . w xtheorem ensures that H V ¤ C V for any a g 0, 1r2 . Hence, there0
 4is subsequence w converging uniformly in V. Furthermore, since thenk
Green’s function on the one-dimensional region V has no discontinuity, it
 4follows that for any convergent subsequence x , the subsequencenk˜ Ž . Ž .4G x , j w j converges uniformly, and is bounded. Taking n “ ‘n n kk k
Žand the Lebesgue dominated convergence theorem, we conclude if x s0
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.lim x thatnk
˜1 F m G x , j w j dj .Ž . Ž .H 0
V
 Ž . 4Consequently the set S# s x g V, w x ) 0 has positive Lebesgue
measure. Since S > S#, Theorem 4 follows.
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